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Abstract
An operator G : X → Y is an almost Daugavet center if there exists a norming subspace Z ⊂ Y ∗ such
that ‖G+ T ‖ = ‖G‖+ ‖T ‖ for every rank-1 operator T : X → Y of the form T = x∗ ⊗ y where y ∈ Y and
x∗ ∈ W = G∗(Z). This notion is both a generalization of the almost Daugavet property when G = I and
X = Y , and a generalization of the notion of Daugavet centers when W = X∗. We give a characterization
of the almost Daugavet centers in terms of the thickness of an operator and in terms of canonical 1-type
sequences. We show that, for a separable space Y , an operator G : X → Y is similar to an almost Daugavet
center if and only if G fixes an isomorphic copy of 1. We also give some geometric characterizations of
this property.
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A Banach space X is said to have the Daugavet property with respect to Y ⊂ X∗ (X ∈ DPr(Y ))
if the Daugavet equation
‖I + T ‖ = 1 + ‖T ‖
holds true for every rank-one operator T ∈ B(X) of the form T = y∗ ⊗ x, where y∗ ∈ Y and
x ∈ X. The space X has the almost Daugavet property if X ∈ DPr(Y ) for some norming subspace
Y ⊂ X∗. This definition is a generalization of the well-known Daugavet property, introduced
in [5] which is X ∈ DPr(X∗).
Separable Banach spaces having the almost Daugavet property are characterized by V. Kadets,
V. Shepelska and D. Werner in [4]:
Theorem 1.1. (See [4, Theorem 1.1].) For a separable Banach space X the following assertions
are equivalent:
(i) there is no finite ε-net for SX in SX , for every ε < 2,
(ii) there is a sequence (en) ⊂ BX such that for every x ∈ X
lim
n
‖x + en‖ = ‖x‖ + 1,
(iii) X has the almost Daugavet property.
Condition (i) links the almost Daugavet property with the so-called thickness of a Banach
space. This notion, introduced by R. Whitley [7] is essentially the inner measure of non-
compactness of the unit sphere SX of a Banach space X:
T (X) := inf{ε > 0 | there exists a finite ε-net for SX in SX}.
He showed that 1  T (X)  2 if X is infinite dimensional, that T (p) = 21/p for 1  p < ∞
and that T (C(K)) = 2 if K has no isolated point. Of course (i) is equivalent to T (X) = 2.
Condition (ii) links the almost Daugavet property with the theory of types used by J.-L. Kriv-
ine and B. Maurey in [6]. A type on a separable Banach space X is a function of the form
τ(x) = lim
n
‖x + en‖
for some bounded sequence (en) ⊂ X. A 1-type is defined by means of convolution of types,
and a special instance of 1-type is generated by a sequence (en) satisfying
τ(x) = lim
n
‖x + en‖ = ‖x‖ + 1.
We call a sequence (en) ⊂ BX satisfying this equation a canonical 1-type sequence.
By Theorem 1.1, a separable Banach space having the almost Daugavet property contains a
canonical 1-type sequence, which itself contains a subsequence equivalent to the canonical basis
of 1. It appears that this last condition characterizes the class of separable Banach spaces having
the almost Daugavet property up to an isomorphism:
Theorem 1.2. (See [4, Theorem 1.2].) A separable Banach space X can be equivalently
renormed to possess the almost Daugavet property if and only if X contains an isomorphic copy
of 1.
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two Banach spaces and G : X → Y be a bounded operator. We denote by BX and SX (resp. BY
and SY ) the closed unit ball and the unit sphere of X (resp. Y ). We introduce the notion of
thickness of a bounded operator G ∈ B(X,Y ), denoted TG(X,Y ), by the following formula:
TG(X,Y ) := inf
{
ε > 0
∣∣ there exists a finite ε-net for G(SX) in ‖G‖SY }.
In other words, TG(X,Y ) is the infimum of those ε > 0 such that G(SX) can be covered by a
finite number of balls of radius ε with centres in ‖G‖SY . We will see in Section 2 that ‖G‖ 
TG(X,Y )  2‖G‖ if X is not finite dimensional, and that TG(X,Y )  T (Y )‖G‖  2‖G‖ if X
and Y are infinite dimensional spaces.
Theorem 1.3. Let X and Y be two Banach spaces and G ∈ SB(X,Y ). Assume that Y is separable.
The following assertions are equivalent:
(i) TG(X,Y ) = 2,
(ii) there exists a sequence (en) ⊂ BX such that for every y ∈ Y
lim
n
‖y +Gen‖ = ‖y‖ + 1,
(iii) there exists a norming subspace Z ⊂ Y ∗ such that the equation
‖G+ T ‖ = 1 + ‖T ‖ (1.1)
holds true for every rank-one operator T : X → Y of the form T = x∗ ⊗ y where y ∈ Y
and x∗ ∈ W := G∗(Z).
In (iii), the closure of G∗(Z) is meant for the norm topology in X∗. Recall that a subspace
Z ⊂ Y ∗ is said to be norming (or 1-norming) if for every y ∈ Y
sup
z∗∈SZ
∣∣z∗(y)∣∣= ‖y‖.
Therefore Z is norming if and only if SZ is weak∗ dense in BY ∗ .
Definition 1.4. Let W ⊂ X∗ be a subspace. We say that G : X → Y is a Daugavet center with
respect to W if
‖G+ T ‖ = ‖G‖ + ‖T ‖ (1.2)
for every rank-one operator T : X → Y of the form T = x∗ ⊗ y where x∗ ∈ W and y ∈ Y . The
operator G is said to be an almost Daugavet center if there exists a norming subspace Z ⊂ Y ∗
such that G is a Daugavet center with respect to the norm closure of G∗(Z).
Note that Eq. (1.2) implies ‖aG + bT ‖ = a‖G‖ + b‖T ‖ for all a, b  0. Hence an operator
G 	= 0 is an almost Daugavet center if and only if G/‖G‖ is.
If W = X∗, we say that G is a Daugavet center (see [2]). It is obvious that a Daugavet center
is an almost Daugavet center, and one can find in [3] a class of operators acting on C(K) or
the disk algebra A(D) for which these two notions coincide. On the other hand there is no non-
zero Daugavet center acting on 1 (since a space admitting a non-zero Daugavet center does not
have an unconditional basis [2, Remark 2.10]), but a certain class of almost Daugavet centers is
exhibited in [3].
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leads to the following:
Corollary 1.5. If G ∈ SB(X,Y ) is an almost Daugavet center and Y is a separable Banach space,
then Y has the almost Daugavet property.
We obtain the analogue version of Theorem 1.2 for almost Daugavet centers:
Theorem 1.6. Let X and Y be two Banach spaces, and assume that Y is separable. Then G ∈
SB(X,Y ) fixes a copy of 1 if and only if X and Y can be equivalently renormed in such a way that
G : X → Y is an almost Daugavet center with norm 1 for the new norms.
By “G fixes a copy of 1”, we mean that there are some sequences (en) ⊂ X and (fn) ⊂ Y
equivalent to the canonical basis of 1 such that Gen = fn for all n.
Let us explain the structure of this paper. In Section 2, we give some basic results concern-
ing the thickness of an operator. The proof of Theorem 1.3 will be given in Section 3. Finally
Section 4 is devoted to the proof of Theorem 1.6.
The following lemma, which is the analogue of [4, Lemma 1.3], characterizes spaces admit-
ting an almost Daugavet center in terms of slices of their unit ball, or the unit ball of their dual
space. By a slice of X we mean a set of the form
S
(
x∗, ε
)= {x ∈ BX ∣∣ Rex∗(x) 1 − ε}
with x∗ ∈ SX∗ and ε > 0, and we call a weak∗ slice of BX∗ a slice S(x, ε) of the unit ball of X∗
generated by an x ∈ SX ⊂ SX∗∗ .
Lemma 1.7. Let Z be a norming subspace of Y ∗,G ∈ SB(X,Y ) and W = G∗(Z). The following
assertions are equivalent:
(i) G is a Daugavet center with respect to W .
(ii) For every y ∈ SY , for every ε > 0 and for every x∗ ∈ SW there is some x ∈ S(x∗, ε) such
that ‖y +Gx‖ 2 − ε.
(iii) For every y ∈ SY , for every ε > 0 and for every x∗ ∈ SW , there is a slice S(x∗1 , ε1) ⊂
S(x∗, ε) with x∗1 ∈ SW such that ‖y +Gx‖ 2 − ε for all x ∈ S(x∗1 , ε1).
(iv) For every x∗ ∈ SW , for every ε > 0 and for every weak∗ slice S(y, ε) of BY ∗ there is some
y∗ ∈ S(y, ε) such that ‖x∗ +G∗y∗‖ 2 − ε.
(v) For every x∗ ∈ SW , for every ε > 0 and for every weak∗ slice S(y, ε) of BY ∗ , there is some
weak∗ slice S(y1, ε1) ⊂ S(y, ε) such that ‖x∗ +G∗y∗‖ 2 − ε for all y∗ ∈ S(y1, ε1).
We give a proof of this proposition in the real case, the complex case following the same lines
but being just more technical.
Proof. Equivalence (i) ⇔ (ii) is shown in [2, Theorem 2.1.] in the case W = X∗, and we do not
need Z to be norming. Implication (iii) ⇒ (ii) is clear.
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satisfying ‖y +Gx0‖ > 2 − ε/8. Since Z is a norming subspace of Y ∗, there exists z∗1 ∈ SZ such
that z∗1(y +Gx0) > 2 − ε/8. Therefore z∗1(y) > 1 − ε/8 and z∗1(Gx0) > 1 − ε/8. Define
x∗1 =
x∗0 +G∗z∗1
‖x∗0 +G∗z∗1‖
and ε1 = ε8 .
The fact that x∗0 ∈ W implies that x∗1 ∈ SW . We also have ‖x∗0 + G∗z∗1‖ |x∗0 (x0) + z∗1(Gx0)| >
(1 − ε/8)+ (1 − ε/8) = 2 − ε/4. Take x ∈ S(x∗1 , ε1). Then
(
x∗0 +G∗z∗1
)
x = x∗1 (x)
∥∥x∗0 +G∗z∗1∥∥
(
1 − ε
8
)(
2 − ε
4
)
 2 − ε
2
,
and consequently
x∗0 (x)
(
2 − ε
2
)
− z∗1(Gx) 1 −
ε
2
.
This last inequality shows that S(x∗1 , ε1) ⊂ S(x∗0 , ε). Moreover, for every x ∈ S(x∗1 , ε1)
‖y +Gx‖ z∗1(y +Gx) z∗1(y)+ z∗1(Gx) >
(
1 − ε
8
)
+
(
2 − ε
2
)
− x∗0 (x) 2 − ε.
We have just shown (i) ⇔ (ii) ⇔ (iii). Equivalences (i) ⇔ (iv) ⇔ (v) can be proven in the same
way replacing G by its adjoint G∗. 
2. On the thickness of an operator
Let G : X → Y be a bounded operator. Recall that the thickness of G is defined by the fol-
lowing formula:
TG(X,Y ) = inf
{
ε > 0
∣∣ there is a finite ε-net for G(SX) in ‖G‖SY }.
Lemma 2.1. TαG(X,Y ) = αTG(X,Y ) for every α > 0.
Proof. Let y1, . . . , yn ∈ SX . It suffices to see that {‖G‖y1, . . . ,‖G‖yn} is a finite r-net for G(SX)
if and only if the set {α‖G‖y1, . . . , α‖G‖yn} is a finite αr-net for αG(SX). 
The following proposition initially appeared in [7] for X = Y and G = I .
Proposition 2.2. If X is infinite dimensional, then ‖G‖ TG(X,Y ) 2‖G‖.
Proof. If G = 0 then it is clear without any assumption on X. If not, Lemma 2.1 allows
us to restrict ourselves to norm-1 operators. Inequality TG(X,Y )  2 is clear since each ele-
ment y of SY gives a 2-net for G(SX). Suppose that TG(X,Y ) < 1. There is some 0 < r < 1
and a finite r-net {y1, . . . , yn} for G(SX) in SY . For each 1  i  n we take yi ∈ SY ∗ such
that |y∗i (yi)| = 1. If x ∈ SX , there exists an index i such that ‖Gx − yi‖  r , which im-
plies r  |y∗i (Gx − yi)| = |y∗i (Gx) − 1|. Consequently, y∗i (Gx) 	= 0 and the operator L : x ∈
X → Lx = (y∗1 (Gx), . . . , y∗n(Gx)) ∈ Kn is one-to-one, which shows that X is finite dimen-
sional. 
Let us mention the following geometric lemma, whose proof is elementary and so is omitted:
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then this collection of balls covers the unit ball of Y .
Proposition 2.4. In the case where X and Y are infinite dimensional spaces we have TG(X,Y )
‖G‖T (Y ), where T (Y ) denotes the thickness of Y .
Proof. As previously we can assume that ‖G‖ = 1. Recall that 1  T (Y )  2 since Y is in-
finite dimensional. For every ε > 0 there exists a finite (T (Y ) + ε)-net for SY in SY , which
leads to a covering of SY by a finite number of balls of radius T (Y ) + ε with centers in SY .
Since T (Y ) + ε > 1, each of these balls contain zero, and the previous lemma ensures that this
collection covers the unit ball BY of Y . Consequently it covers the set G(SX), and leads to a
finite (T (Y )+ ε)-net for G(SX) in SY . So TG(X,Y ) T (Y )+ ε, for every ε > 0. 
Let us mention that this proposition is not true if dim(X) = ∞ and dim(Y ) < ∞, since in this
case TG(X,Y ) = ‖G‖ and T (Y ) = 0.
3. Proof of Theorem 1.3
Since the three properties considered in Theorem 1.3 hold for an operator G : X → Y acting
between complex Banach spaces if and only they hold for the operator G : XR → YR acting
between their underlying real space, we will assume that all the spaces considered in this section
are real Banach spaces. Consequently in the sequel G : X → Y will denote a bounded operator
of norm 1 acting between real spaces.
Proposition 3.1. If G is an almost Daugavet center then TG(X,Y ) = 2.
Proof. Let Z be a norming subspace of Y ∗ and W = G∗(Z) such that G is an almost Daugavet
center with respect to W . Let us show that for every ε0 > 0 the set G(SX) does not admit any
finite (2− ε0)-net in SY , which will lead to the inequality TG(X,Y ) 2 and give the result. Take
y1, . . . , yn ∈ SY , ε0 > 0 and x∗0 ∈ SW . Condition (iii) of Lemma 1.7 gives us a slice S(x∗1 , ε1) ⊂
S(x∗0 , ε0) with x∗1 ∈ SW and ε1  ε0 such that ‖−y1 + Gx‖ > 2 − ε0 for all x ∈ S(x∗1 , ε1). By
induction, we can construct a sequence of slices S(x∗k , εk) ⊂ S(x∗k−1, εk−1) with x∗k ∈ SW and
0 < εk  ε0, 1 k  n, such that
‖−yk +Gx‖ > 2 − ε0
for all x ∈ S(x∗k , εk). Thus for every x of norm 1 belonging to the smallest constructed slice, i.e.
S(x∗n, εn), we have ‖−yk + Gx‖ > 2 − ε0 for all k = 1, . . . , n which shows that {y1, . . . , yn} is
not a finite (2 − ε0)-net of G(SX). 
Proposition 3.2. Suppose that TG(X,Y ) = 2 and Y is separable. Then there exists a sequence
(en) ⊂ BX such that (Gen) is a canonical 1-type sequence in Y .
Proof. Take a dense sequence (an)n1 in SY and a null-sequence (εn)n1 of positive real num-
bers. For n 1 the set {−a1, . . . ,−an} is not a finite (2 − εn)-net for G(SX). Therefore there is
some en ∈ SX satisfying ‖Gen − (−ak)‖ > 2 − εn, ∀1 k  n. Fix k and let n tend to infinity to
obtain
lim‖ak +Gen‖ = 2 = ‖ak‖ + 1. (3.1)
n
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argument given in [1, Lemma 2.1]. As a consequence (Gen) is a canonical 1-type sequence
in Y . 
Let us recall some definitions from [4]:
Definition 3.3. Let E be a subspace of a Banach space F and ε > 0. We say that an element
e ∈ BF is ε-orthogonal to E if
‖x + te‖ (1 − ε)(‖x‖ + |t |), ∀x ∈ E, ∀t ∈ R.
We say that (en) ⊂ BF \ {0} is an asymptotic 1-sequence if there is a sequence of real numbers
εn > 0 with
∏
n(1 − εn) > 0 such that en+1 is εn-orthogonal to Yn := span{e1, . . . , en} for every
n ∈ N.
Definition 3.4. A sequence (e∗n) ⊂ BX∗ is said to be double-norming if span{e∗k , k  n} is norm-
ing for every n ∈ N.
Proposition 3.5. Suppose that Y is separable and that there exists a sequence (en) ⊂ BX such
that (Gen) is a canonical 1-type sequence in Y . Then there is a sequence (f ∗n ) ⊂ BY ∗ which is
double-norming such that (G∗f ∗n ) ⊂ BX∗ is an asymptotic 1-sequence.
Proof. Let (En) be an increasing sequence of finite dimensional subspaces of Y whose union
is dense in Y . Let (εn) be a sequence of positive real numbers decreasing to zero, and δn > 0
satisfying
∞∏
k=n
(1 − δk) > 1 − εn.
By a compactness argument, passing to subsequence if necessary we can assume that (en) is such
that
‖y + αGen+1‖ (1 − δn)
(‖y‖ + |α|), ∀y ∈ span{En ∪ {Ge1, . . . ,Gen}}, ∀α ∈ R.
For every y ∈ En we have∥∥∥∥∥y +
M∑
k=n+1
αkGek
∥∥∥∥∥ (1 − εn)‖y‖ +
M∑
k=n+1
(1 − εk−1)|αk|. (3.2)
Take (yn) a dense sequence in SY with yn ∈ En such that each yn appears infinitely many
times, and take a sequence (gn) ⊂ ∞ where each gn = (gn,j )j is a sequence of signs ±1 that
satisfies the following independency condition: for every signs θk = ±1, 1 k  n, the set of j ’s
satisfying gk,j = θk for every 1 k  n is infinite.
We then define f˜ ∗n : span{yn,Gen+1,Gen+2, . . .} → R by
f˜ ∗n (yn) = 1 − εn, (3.3)
f˜ ∗n (Gej ) = (1 − εj−1)gn,j if j > n. (3.4)
By (3.2), f˜ ∗n is bounded and ‖f˜ ∗n ‖  1. Moreover limj |f˜ ∗n (Gej )| = 1 shows that ‖f˜ ∗n ‖ = 1.
Using Hahn–Banach’s theorem, one can find an extension f ∗ of f˜ ∗ to Y with the same norm.n n
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that the sequence (f ∗n ) is double-norming. It remains to show that (G∗f ∗n ) is an asymptotic 1-
sequence. For A = {a1, . . . , an} with ak 	= 0 we set JA = {j > n | gk,j = sign(ak) for 1 k  n}.
The condition of independence of the sequence (gn) ensures that the set JA is infinite. We then
have ∥∥∥∥∥
n∑
k=1
akG
∗f ∗k
∥∥∥∥∥ supj∈JA
∣∣∣∣∣
n∑
k=1
akG
∗f ∗k (ej )
∣∣∣∣∣ supj∈JA
∣∣∣∣∣
n∑
k=1
akf
∗
k (Gej )
∣∣∣∣∣
 sup
j∈JA
∣∣∣∣∣
n∑
k=1
akf
∗
k (Gej )
∣∣∣∣∣ supj∈JA
∣∣∣∣∣
n∑
k=1
ak(1 − εj−1)gk,j
∣∣∣∣∣
 sup
j∈JA
(1 − εj−1)
n∑
k=1
|ak|
n∑
k=1
|ak|,
which shows that (G∗f ∗n ) is actually an isometric 1-sequence. 
Proposition 3.6. Suppose that there exists a sequence (f ∗n ) ⊂ BY ∗ which is double-norming and
such that (G∗f ∗n ) is an asymptotic 1-sequence. Then G is a Daugavet center with respect to
W := span{G∗f ∗n }. Therefore G is an almost Daugavet center.
Proof. Set Z := span{f ∗n , n  1}. Since the space Z is a norming subspace of Y , one has to
show that G is a Daugavet center with respect to W . We will need the following spaces:
Zm := span
{
f ∗k , k > m
}
,
Wm := span
{
G∗f ∗1 , . . . ,G∗f ∗m
}
,
Em := G∗(Zm) = span
{
G∗f ∗k , k > m
}
.
Since (G∗f ∗n ) is an asymptotic 1-sequence, there is a sequence (εn) of positive real numbers
satisfying
∏
n(1−εn) > 0 such that G∗f ∗n+1 is εn-orthogonal to Wn. We will prove that condition
(iv) of Lemma 1.7 holds true.
Let x∗ ∈ SW and S(y, ε) be a weak∗ slice of BY ∗ . Since W = ⋃Wm where W1 ⊂ W2 ⊂
W3 ⊂ · · · , one can find m 1 and x∗m ∈ Wm satisfying∥∥x∗ − x∗m∥∥< ε/8 and
∏
n>m
(1 − εn) > 1 − ε8 .
The space Zm being norming, there is some y∗ ∈ SZm with y∗(y) > 1 − ε (i.e. y∗ ∈ S(y, ε)). It
follows that∥∥x∗ +G∗y∗∥∥ ∥∥x∗m +G∗y∗∥∥− ∥∥x∗ − x∗m∥∥ ∥∥x∗m +G∗y∗∥∥− ε8 .
Now use the fact that each element of the unit ball of Em is ε/8-orthogonal to Wm, and conse-
quently ‖x∗m + G∗y∗‖  (1 − ε/8)(‖x∗m‖ + ‖G∗y∗‖). Finally, to estimate the norm of G∗y we
write y∗ =∑Mm+1 αkf ∗k to obtain
∥∥G∗y∗∥∥=
∥∥∥∥∥
M∑
k=m+1
αkG
∗f ∗k
∥∥∥∥∥
∏
n>m
(1 − εn)
M∑
k=m+1
|αk|
>
(
1 − ε
8
)∥∥∥∥∥
M∑
αkf
∗
k
∥∥∥∥∥
(
1 − ε
8
)
.k=m+1
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∥∥x∗ +G∗y∗∥∥
(
1 − ε
8
)(∥∥x∗m∥∥+ ∥∥G∗y∗∥∥)− ε8

(
1 − ε
8
)((
1 − ε
8
)
+
(
1 − ε
8
))
− ε
8

(
1 − ε
8
)(
2 − ε
4
)
− ε
8
 2 − ε. 
4. Proof of Theorem 1.4
We have seen in Section 3 that for G ∈ SB(X,Y ) with Y a separable Banach space, the condition
“G is an almost Daugavet center” is equivalent to the existence of a sequence (en) ⊂ X such
that (Gen) is a canonical 1-type sequence in Y . Since a canonical 1-type sequence contains a
subsequence that is equivalent to the canonical basis of 1, it follows that an almost Daugavet
center fixes an isomorphic copy of 1. Therefore it suffices to prove the following theorem:
Theorem 4.1. Let X and Y be Banach spaces, and assume that Y is separable. If G ∈ SB(X,Y )
fixes a copy of 1, then one can find two equivalent norms on X and Y in such a way that
G : X → Y is an almost Daugavet center with norm 1 for the new norms.
More precisely, if there are two sequences (en) ⊂ X and (fn) ⊂ Y which are equivalent to the
canonical basis of 1 and such that Gen = fn, then one can renorm X and Y in an equivalent
way such that:
(i) the sequences (en) and (fn) are isometrically equivalent to the canonical basis of 1,
(ii) G has norm 1 for the new norms,
(iii) (Gen) is a canonical 1-type sequence in Y .
Proof. The proof follows two steps.
First step: We start by renorming X and Y in such a way that (i) and (ii) hold true. Denote by
| · |X and | · |Y the initial norms on X and Y . By hypothesis, there is positive constant C such that
for every a1, . . . , an ∈ K we have
1
C
n∑
k=1
|ak|
∣∣∣∣∣
n∑
k=1
akek
∣∣∣∣∣
X
 C
n∑
k=1
|ak|,
1
C
n∑
k=1
|ak|
∣∣∣∣∣
n∑
k=1
akfk
∣∣∣∣∣
Y
 C
n∑
k=1
|ak|.
If we denote by E (resp. F ) the closed subspace of X (resp. Y ) generated by the sequence (en)
(resp. (fn)), then we define ‖∑akek‖E :=∑ |ak| and ‖∑akfk‖F :=∑ |ak|. It is clear that
‖ · ‖E ∼ | · |X on E and ‖ · ‖F ∼ | · |Y on F . Multiplying | · |X and | · |Y by a same positive
constant if necessary (which does not affect the norm of G), we can assume that ‖ · ‖E  2| · |X
and ‖ · ‖F  2| · |Y . Then define
B
|·|X
X :=
{
x ∈ X ∣∣ |x|X  1}, B‖·‖EE := {x ∈ E ∣∣ ‖x‖E  1},
B
|·|Y := {y ∈ Y ∣∣ |y|Y  1}, B‖·‖F := {y ∈ F ∣∣ ‖y‖F  1},Y F
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CX := co
(
B
|·|X
X ∪B‖·‖EE
)
, CY := co
(
B
|·|Y
Y ∪B‖·‖FF
)
.
The set CX is a closed convex subset of X which is symmetric and contains a neighbourhood
of 0. Consequently, one can consider the Minkowski functional associated to CX , denote by jX .
This defines a norm on X which is equivalent to | · |X and whose closed unit ball is given
by CX . Moreover jX and ‖ · ‖E coincide on E. Similarly, we obtain a new norm jY on Y
which is equivalent to | · |Y and coincide with ‖ · ‖F on F . Condition (i) is then satisfied.
Since G : (X, jX) → (Y, jY ) is continuous, to show (ii) it suffices to see that G(CX) ⊂ CY . But
G(B
|·|X
X ) ⊂ B |·|YY since |G| = supx 	=0(|Gx|Y /|x|X) = 1 by hypothesis, and G(B‖·‖EE ) ⊂ B‖·‖FF
since G : (E,‖ · ‖E) → (F,‖ · ‖F ) has now become an isometry. We conclude by convexity and
density.
Second step: We will renorm again X and Y in such a way that (Gen) is a canonical 1-type
sequence in Y .
Let us write ‖ · ‖X = jX and ‖ · ‖Y = jY . The proof that follows is adapted from an idea of
W.B. Johnson given in [4].
Let us assume that the space Y is real. Let (rn) be the sequence of Rademacher functions
in L∞[0,1] and T : F → L∞[0,1] be the operator defined by Tfn = rn for all n ∈ N. It is an
isometry, and since L∞[0,1] is 1-injective, T can be extended to a norm-1 operator on Y that
we still denote by T : Y → L∞[0,1]. We define
|||y|||Y := ‖Ty‖∞ + ‖[y]‖Y/F , y ∈ Y,
|||x|||X := ‖TGx‖∞ + ‖[x]‖X/E, x ∈ X,
where [x] (resp. [y]) is the equivalence class of x (resp. of y) in the quotient space X/E
(resp. Y/F ). We easily check that this defines two norms. Note that if x ∈ E, then |||Gx|||Y =
‖TGx‖∞ = ‖Gx‖Y = ‖x‖X , and ‖TGx‖∞ = |||x|||X , meaning that G is an isometry from
(E, ||| · |||X) onto (F, ||| · |||Y ).
Let us verify that the norms ‖ · ‖X and ||| · |||X are equivalent. We clearly have |||x|||X  2‖x‖X .
Assume that ‖x‖X = 1 and let us show that |||x|||X  1/3. If ‖[x]‖X/E  1/3, there’s nothing to
prove. If not take z ∈ E satisfying ‖x − z‖X < 1/3. Then ‖TGz‖∞ = ‖Gz‖Y = ‖z‖X > 2/3,
and
|||x|||X  ‖TGx‖∞  ‖TGz‖∞ −
∥∥TG(x − z)∥∥∞ > 23 − ‖x − z‖X >
1
3
.
In a same way we show that ‖ · ‖Y and ||| · |||Y are equivalent.
Since the new norms agree with the old ones on E and F , the sequences (en) and (fn) are
still isometrically equivalent to the canonical basis of 1, and therefore (i) is still true. To see (ii),
let |||G||| := supx 	=0(|||Gx|||Y /|||x|||X) denote the norm of G for the new norms. Then
|||Gx|||Y = ‖TGx‖∞ + ‖[Gx]‖Y/F  ‖TGx‖∞ + ‖[x]‖X/E  |||x|||X,
since ‖[Gx]‖Y/F = d(Gx,F ) = d(Gx,G(E))  ‖G‖d(x,E)  ‖[x]‖X/E . Consequently,
|||G||| 1 and |||G||| = 1 since G is an isometry from E onto F . Finally, for all y ∈ Y we have
lim
n
|||y +Gen|||Y = lim
n
(‖Ty + TGen‖∞ + ‖[y +Gen]‖Y/F )
= lim
n
(‖Ty + rn‖∞)+ ‖[y]‖Y/F = ‖Ty‖∞ + 1 + ‖[y]‖Y/F
= |||y|||Y + 1,
which shows (iii) and finishes the proof. 
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sequence of Rademacher functions is an isometric 1-basis in the real space L∞[0,1]. If Y is not
real the operator T is not an isometry on E anymore. In this case to define the new norms on X
and Y we use the method given in [4] and [2]: there exists a seminorm p : Y → K satisfying
p(y)  ‖y‖Y for all y ∈ Y, p coincide with ‖ · ‖Y on F and limn p(y + fn) = p(y) + 1 for
all y ∈ Y . Then we define
|||y|||Y := p(y)+ ‖[y]‖Y/F , y ∈ Y,
|||x|||X := p(Gx)+ ‖[x]‖X/E, x ∈ X.
These new norms satisfy conditions (i), (ii) and (iii) of Theorem 1.6.
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